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Abstract

Introduction: The Meshless Local Petrov-Galerkin (MLPG) method solves the weak form of equations
locally without a background mesh, making it suitable for flows with moving boundaries or complex
geometries. However, uniform node distribution is computationally expensive when features like
boundary layers or vortices are localized. Recent adaptive advancements include error-estimator-guided

h-adaptive MLPG and quadtree-based RBF-FD methods.
This paper introduces a dynamic adaptive multiscale MLPG algorithm with four key contributions:

1. Hierarchical basis functions preserving partition of unity and polynomial reproduction across
resolution levels.

2. A composite error estimator with optimized weights combining velocity gradient, vorticity, and
residual criteria.

3. Lagrange multipliers to enforce conservation at inter-level boundaries, ensuring saddle-point
system stability.

4. Analysis and demonstration of optimal convergence rates for problems with irregularities and
singularities.

Methodology: The incompressible Navier-Stokes equations consist of the continuity equation and
momentum equation. The weak form is expressed locally over subdomain €; using weight function w.
The computational domain is partitioned using quadtree structure in 2D or octree in 3D into different
levels, with nodal spacing at level [ given by h; = hq - 274

The hierarchical basis functions combine Gaussian radial functions with polynomial terms under
completeness conditions to ensure proper reproduction of polynomials up to specified degree. At inter-
level boundaries, a C*-continuous blending function is used with transition width coefficient wy = 3.0
to ensure smooth and continuous transition between levels.

Conservation of mass and momentum at inter-level boundaries is preserved using Lagrange multipliers,
leading to asaddle-point system. The stability of this system is guaranteed by satisfying the inf-sup
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condition with constant § > 0 independent of refinement level h;.

A composite error estimator is employed to identify regions requiring refinement, combining three
criteria with optimized weights:

ni = 0'4'€Vu,i + 0. 35%0)’1' + 0. 25?,,,,-,(1)

where the components represent normalized velocity gradient norm, vorticity norm, and equation
residual respectively. These weights were determined through parametric studies to achieve optimal
balance between identifying shear layers, tracking vortices, and overall accuracy.

Key parameters were determined through sensitivity analysis: transition width wy = 3.0, refinement
thresholds (8, 6.) = (0.3,0.1), and RBF shape parameter ¢ = 1.2h,y,. Integration over subdomains
employs hierarchical adaptive quadrature with increased Gaussian points near inter-level boundaries.
The saddle-point system is solved using restarted GMRES with block-diagonal preconditioning,
showing convergence independent of refinement level with iteration counts remaining in the range 35-

75.

Results and Discussion: The proposed method was tested on four standard benchmark problems.

For the moving boundary flow problem with a circular obstacle at Reynolds number 200, AMR-MLPG
achieved L? error of 3.17x10“¥ using 24,362 nodes compared to uniform MLPG with error 4.28x10%
using 90,000 nodes, representing approximately 78% computational savings. The observed convergence
rate was O(h*"), exceeding the theoretical rate and consistent with super convergence theory in adaptive

FEM.

For the reentrant corner flow problem with an L-shaped domain at Reynolds number 500 featuring
velocity singularity u~r®® at the corner, the measured grading ratio p=0.72+0.05 satisfies the theoretical
condition, and mesh size scaling h(r)~r"*" agrees with theoretical value B=3/7~0.43. The singularity
exponent extracted from numerical results was 0.668, showing only 0.3% error relative to theoretical
value 2/3, validating asymptotic resolution.

For the multiphase interface problem with density ratio 1000 and viscosity ratio 100, AMR-MLPG
demonstrated volume change of only 0.18% and interface error 2.36x10“Y using 26,518 nodes,
outperforming VOF-AMR with 0.75% volume change and 42,612 nodes. Sharp interface preservation
prevented diffusion observed in uniform methods, and energy conservation was superior to alternative
approaches.

For the Taylor-Green vortex problem with analytical solution at Reynolds number 100, AMR-MLPG
achieved kinetic energy error of 0.28% and vorticity error 3.42x10"* using 18,756 nodes, approaching
the accuracy of spectral element methods. A notable feature was dynamic reduction of node count from
20,000 to 10,000 during simulation, demonstrating the method’s ability to adapt to evolving flow
features.

The super optimal convergence rate O(h*') observed in moving boundary and Taylor-Green problems
exceeds the theoretical O(h?) for second-order bases. This phenomenon, also documented in adaptive
FEM literature, results from intelligent node placement by the error estimator concentrating resolution
at points dominating global error. Efficiency improvements ranging from 3.5 to 4.6 over uniform
MLPG stem from three main factors: hierarchical integration reducing cost in smooth regions, dynamic
coarsening as flow features decay, and mesh-independent linear solver convergence.

Compared to existing methods, the proposed approach advances adaptive methods in four aspects:
hierarchical basis functions with mathematical proofs reduce nodes by 42% while maintaining accuracy
compared to adaptive RKPM; weak Petrov-Galerkin formulation with conservation constraints reduces
volume error from typical 1-3% range to 0.18% compared to adaptive RBF-FD; Lagrange multiplier
approach eliminates remeshing overhead for moving boundaries, reducing computational cost by 56%
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compared to adaptive SPH; and support domain flexibility improves corner error resolution by one order
compared to adaptive h-FEM.

Conclusion: This paper presents a multiscale adaptive MLPG algorithm with four innovations: (1)
hierarchical bases maintaining approximation quality across levels, (2) a composite error estimator with
reliability bounds for refinement, (3) boundary conservation via stable Lagrange multipliers minimizing
volume errors, and (4) optimal convergence for low-regularity problems.

Numerical validation shows superior performance over uniform MLPG and adaptive FEM, with up to
78% node reduction while maintaining accuracy. The observed O(h*"') convergence and dynamic
adaptation make it suitable for complex flows with localized features, moving boundaries, and
singularities.
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Table 1 Performance comparison in moving boundary flow

Method Nodes Error L? Time CPU (Sec)
AMR-MLPG 24362 3.17 x 1074 576
Uniform MLPG 90000 428 x 1074 2648
ALE-FEM 42580 8.32 x107* 1315

Ao oo lad 1) calises

(a) Accuracy vs. Number of Nodes

10% A
® |
100 4

b

]

o

—

X

=

2 10714

£

w

~

-l

10729 T @ AMRMLPG
_________ Uniform MLPG
----- A ALEFEM
——- ONTY
T
2x10* 3x 104 4x10% 6x10% 108

Number of Nodes

F

[

L2 Error (x107%)

I, @loe sla oy, o,Slee (50505 aslae § S
slagle; jo als 5 sla)guls & Ko g aos oo (yioled

(b) Computational Efficiency

®
4 x10°
6x10°
® AMR-MLPG
[ uniform MLPG
A A ALEFEM
T T y T T
500 1000 1500 2000 2500
CPU Time (s)

ig. 4 Performance comparison of different methods on the moving boundary problem: (a) L? error vs. number of nodes, (b)

CPU time vs. accuracy. AMR-MLPG is marked with a circle.
LB blie ;0 CPU o (0) o )5 Lot Jilie 10 L2 slas (Al 1S poeie 5 po alies 4o cilisio (sla g, o Slos duslia F Sl
Gl 00 (6,J05 e o wls L AMR-MLPG

Journal of Hydraulics

»

13

026



VP x9Sl smgn

e b 236 a8, OVl by Judxs

Vorticity Contours: AMR-MLPG (Top) vs. Uniform (Bottom)

t=05 t=1.0 t=15
L5 15 15
1.0 1.0 1.0 . — —
- - e -6
¥ 0.5 0.5 0.5 | | | L )
= - - -
3> o0 [ ] 0.0 o 0.0 o - 24
2 —0s] —05 —0.5 .: ;.: .
0 oo -0 - 12
-15 : -15 -15 s
1 2 3 4 5 0 1 2 4 5 1 2 3 4 5 6 9
X x X 00 o
=2
t=05 t=1.0 t=15 o
15 15 15
-12
1.0 = 1.0 1.0
ol = 7N N 7 N N i 7N PN
__ - - 4 4 - - - —2.4
el T e ®e|l s T e e e .0
5 - \ - - - -36
-10 -1.0 -10
-15 . -15 . -15
1 2 3 4 5 1 2 4 5 1 2 3 4 5 6

Fig. 5 Vortex contours for flow with a moving obstacle at different times (top: AMR-MLPG, bottom: uniform MLPG). The

adaptive method shows less numerical loss.
o9y (316G MLPG : (0l AMR-MLPG : YU) calizes slagle; 0 Sy gl b bz sl il )5 sla,gl5 O JS<
Ao o LS (6 5eS (go0e W el

A e b A() ~ 10 asl oplal o wlie

eSS sl Sloer B =3/7 =043
sl a5 cil 0.668 Ll soae zuls 5l ozl s

RPN

T9o9 9 0,0 2/3 (g kA Jlade 4 Cand w0 0.3 Lo
(Sheikhi et al., 2022) oS o (oo liel | oolxe
698 SobolS e, e (ol plog e LA (lae

.MQLSQJ QL....;

Suxo (6399 4bgS (3l —Y-F
ode 3m/2 albsS asgly b s L-asls calivcs ol jo
Gl Pl SRy sl oad i8S k5 )0 00 salen
abgS U~ T30 0t e pa (SiST 3929 calinns
blas 0,505 o Suss 4l ;o 8o 250 (6l s
(Duflot & Nguyen-Dang, 2007) S5 ;| o5T 5>
P =oxis S o3lail (gaisaz 0 s Cewl 00l Co gl

9 ..\..5‘5‘0 00)51).‘1 |) 6# Ja).u.v 072i005

O330(639,9 4bgS diun ;0 0 Slee ¥ Jgu

Table 2 Performance in the reentrant corner problem

Method Nodes General error Corner error Minimum h
AMR-MLPG 18426 2.85x 107 3.12x 1073 1.22x 1074
Uniform MLPG 65536 8.96 x 107* 2.87 x 1072 1.25 x 1072
i FEM 32458 425x 107 2.16 x 1072 512 % 107*

Oy Ogd oo oolaiul (Mirjalili et al., 2017) aiwgu
oHllas Ap = ok OLY-SL dolee lawgs jLid
L AMR-MLPG g, a5 ains oo lis mls 00,5 oo
Sy paw ez won 018 Lo g s
St 0 Skee 0,5 YEOVA 5l ooliel L 2.36 X 107*
35 L (Popinet, 2009) VOF-AMR g, 4 Cod

rhw 35 has o)l o FFYPIY 5 wo e 0.75 po

Slod &, 9495 (03 )0 oS idal mje5 7 S
gl Al ¥ St g aad e Giales [ R(P) o plide
BUCX olas 1) e @Lu )'l ,_i,.&,"“ 5 gles

Slow v I gl maw -Y-¥
9 Yeoo gSlli> M l) 4.]L-45$ lolws cdlsns U"‘ )
Susi & ) cowl ooy a8 5 i o Ve Sy Cas
Osher & Sethian, ) ¢ ac gosre—gelaws 22U .(Smith, 2013

Journal of Hydraulics

21(3), 202

14

6



1Fe8 30l ¥ o loid ¥ 0,90 Sy

(a) Adaptive Node Distribution (b) Mesh Scaling Profile

10!
2.00 A @ level0 & Level2 =8= Numerical: h{r}) ~r®3
@ Llevell Singular Corner — = Theory: Atr) ~ r°12
Severe Refinement
1754 Transition
1.50 4
1072 4
1.254 .
=
=
4
> 1.00 4 ° @ T a B
» 5
® o s
0.751 ° e ®
<]
® s 103
0.50
® ° °
@
oo
0.25 4 e
° e e
0.00
T T —O T : T : ; 104 T .
0.00 025 050 075 1.00 1.25 1.50 175 2.00 103 102 101 10°

Distance from corner r
Fig. 6 (a) Adaptive distribution of nodes near the re-entrant corner with resolution levels colored, (b) Profile of network size
h(r) versus distance from the corner with aspect ratio 0.41 (dotted line: theoretical value 3.7).
P h(r) s ojlail slai &) (©) oy s (6500155, b dameisag,5 4dsS (o035 po WoyS il 55 () # S
B/7 s,k Jade i puzalads ) 041 slos b asgS 5l alols flae

AMR-MLPG Convergence Study in Four Benchmark Problems

Super-convergence: »
Observed rate =2.1 e
Theoretical rate =2.0
10—2 4
5 1073 4
=
w
~
-
1074 4
-
’/
st
=@ Moving Boundary == Taylor-Green
=l Re-entrant Corner  —— @(h2?) (Theoretical)
== Multiphase <= @h?1) (Observed)
103 T

107!
Mesh size h

10°

Fig. 7 Extraction of the singularity view from the local error in log-log coordinates. The slope of the fitted line is 0.668,

which is consistent with the theoretical value of 2/3 (horizontal dotted line) with an error of 0.3%.
L) 2/3 gk Jlade b aST el 0.668 ouls o3l las ol log-log. Slaise o e gllas 5l oSS slos gl Sl ¥ K&

3l Sleen 0.3% slas b ((rzalass 28l

Journal of Hydraulics
21(3),2026

15



VFed (il g 3155 ggmg0 b 23l o515 Yl by Sl

el @259 5 S e gl Gloj ST A 5 SrSslr clEss glaghy, o (Faboisy jl S e
Jsb yo ez bai> 4 S0 g aes 0 Gialed 1) oo )5 iRl slaghy, 4 cuns by 65l has g wiS
A oo Hlad 1) le; el

iz S ite mha 5 Slee ¥ Jour

Table 3 Multi-fluid interface performance

Method Volume change (/) Surface error Nodes Time CPU (Sec)
AMR-MLPG 0.18 236 x107* 26518 853
VOF-AMR 0.75 6.45 x 107 42612 1238
Front-Tracking 0.05 1.97 x 1074 38426 1642

Temporal Evolution of Interface {Top) and Adaptive Node Distribution (Bottom)
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Fig. 8 Time evolution of the multifluid interface (top: t=0.5,1.0,1.5,2.0) with adaptive node distribution (bottom). Nodes are
dynamically concentrated near the interface.

905 50 bgy jebay o, (ol o )8 dadad #5905 it = 0.5,1.0,1.5,2.0) YU (( Jlewsizr S i mhaw gloy JolST A JSC&

g o 35yt S b gelaw

Volume Conservation in Multiphase Simulation

1.010
Mean Volume Variation:
%
1.005 4
g
>
o) 4
£ 1.ooo !
2
o
>
o
@
N
@ 0.995
£
Q
= )
1 I
. i
0990 Initial Volume ] 1
Acceptable Range (£0.5%) ! [
e AMR-MLPG (0.18% variation) {
== VOF-AMR (0.75% variation)
=+ Front-Tracking (0.05% variation)
0.985 T T T T T
00 0.5 1.0 1.5 20 25 3.0
Time t

Fig. 9 Volume retention over time for different methods. AMR-MLPG has a volume change of 0.18%, which is a significant
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Table 4 Taylor-Green vortex performance

Method Energy error(/.) Vortex error Nodes
AMR-MLPG 0.28 3.42x107* 18756
Uniform MLPG 2.13 1.18 x 1073 65536
Spectral element 0.05 1.12x 1075 16384

Kinetic Energy Evolution - Taylor-Green Vortex (Re = 100)
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Fig. 10 Time evolution of the normalized kinetic energy in the Taylor-Green vortex. AMR-MLPG performs excellently with

an error of 0.28% compared to the analytical solution (black line).
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Dynamic Node Count Evolution in Taylor-Green Simulation
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Fig. 11 Time evolution of the number of active nodes in the Taylor-Green simulation. The method dynamically reduces the
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