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Abstract

Introduction: The study of surface water quality has special importance. Unfortunately,
sometimes sewage and industrial effluents are discharged into the river. If the mechanism of
transport and diffusion of pollution in rivers with different geometry is known, it can be
planned to reduce the effects of pollution on the general health of human society by raising
the issue of water mixing and strengthening the self-purification of rivers. The governing
equation over the pollution transport phenomenon in rivers is advection-dispersion
equation. This equation is classic and does not have the necessary accuracy in predicting the
amount of pollutant concentration in the river; Therefore, this equation must be changed in
such a way to have the least error in the simulation. The fractional calculus method is used to
accurately study the transport of pollutants in the stream. To model the pollutant transport
in the river, differential equation must be solved. Meshless method is one of the newest
numerical methods in recent years that was able to correct some of the disadvantages of
mesh-based methods. Studies show that the most studies have focused on solute transport in
steady-state flow regimes and regular cross-sections. This study seeks to provide a
comprehensive model for simulating the phenomenon of pollutant transport in rivers with
steady and non-uniform flow to eliminate the shortcomings of common models.

Methodology: In order to discretize the fractional advection-dispersion equation, Meshfree
Local Petrov-Galerkin method is used. On the present research, the used shape function and
weight function respectively are approximation function of Moving Least Squares and the
quadratic spline function. To generalize the correct order derivative to the fractional order
derivative, there are three methods of the Granwald-Letnikov, Riemann-Liouville and
Caputo fractional derivative method. In the research, the Caputo fractional derivative
method was used. Finally, the most discrete form of the fractional advection-dispersion
equation was created and the boundary conditions (Dirichlet and Neumann boundary
condition) were applied. Then, the validity of the model was checked with observational
data of the Athabasca River and the results of research presented by Maleki (output of the
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Mike21 model). The Athabasca River is one of the most important rivers in Canada, located
in the Hinton area of Canada near Edmonton. The average width of this river is 150 meters
and its depth varies from 1 meter to more than 3 meters in different parts of it. In this
research, 5 km at the beginning of the interval is modeled. The tracer (Rhodamine) was
injected continuously with a constant flow for 5.25 hours at the upstream and near the right
bank of the river. Before injecting the tracer into the river, its concentration in the river was
measured, which is equal to 5x10-8 g/L.

Results and discussion: In the validation, the parameters of dispersion coefficients,
fractional order derivatives and skewness coefficients were optimized with increasing R?,
decreasing MSE and MAE between observational and computational data. The results
showed that due to the location of the source of pollutants on the right bank, the movement
of pollutants is more in the right areas of the river that gradually moves to the left due to
transverse dispersion, which is well illustrated by the simulation model. Normalized
dimensionless tracer concentration versus q/Q were plotted for observational,
computational, and Mike21 data at cross sections of 2.425, 3.725, and 4.725 km. Comparison
of the results of the presented numerical method with the output of Mike21 software showed
that the value of R? in the Meshfree Local Petrov-Galerkin method compared to the Mike
model for cross sections of 2.425, 3.725 and 4.725 km increases by an average of 11%. The
high value of R? and the low values of MSE and MAE can indicate that the numerical
solution of the fractional advection-dispersion equation with Meshfree Local Petrov-Galerkin
method compared to Mike21 have a more accurate answer, due to the fractional order
derivatives and skewness coefficients. The application of fractional order derivatives
increased the residence time in the storage and hyporheic zones, thus reducing the error
between the simulated data and the field data. The results of this study indicate that the
fractional advection-dispersion equation provides a much more accurate description and
outputs closer to the measured data than in the classical (correct order derivative) case due to
its high flexibility.

Conclusion: In this study, the parameters of dispersion coefficients, fractional order
derivatives and skewness coefficients were optimized in the longitudinal and transverse
directions. The values of dispersion coefficient in the longitudinal and transverse directions
were 68 and 2.5 m?/s, respectively. The output of the proposed model was compared with the
observational data of the Athabasca River and the Mike21 model for three cross sections. The
results showed that the amount of R? in the Meshless Local Petrovo-Galerkin method
increased by an average of 11% compared to the Mike model.

Keywords: Pollutant Transport, Meshfree Local Petrov-Galerkin Method, Spline Function,
Caputo Method.
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Table 1 Cross section characteristics of Athabasca River (Putz and W.Smith, 2000)

Cross section Area River Width River Depth Ground  Water Elve. Aveg.Velosity Ridus Hydraulic
Distance (m) (m?) (m) (m) Elve. (m) (m) (m/s) (m)
0 240.07 106.30 2.26 960.20 964.92 151 2.29
100 294.73 102.47 2.88 960.18 964.68 1.23 2.29
300 260.36 100.07 2.60 960.58 964.72 1.40 2.58
500 255.02 161.77 1.58 960.46 964.39 143 1.57
925 226.50 201.50 112 962.17 964.02 161 1.13
1875 343.11 147.36 2.33 959.71 963.27 1.06 2.32
2425 353.24 137.09 2.58 959.16 963.01 1.03 2.55
3000 196.63 185.13 1.06 959.94 962.07 1.85 1.05
3725 309.25 192.13 1.61 957.84 961.41 1.18 1.60
4725 264.60 158.00 1.67 957.74 960.52 1.37 1.67
5725 309.77 169.50 1.83 956.34 959.84 1.17 1.83
1 Hinton

Journal of Hydraulics
17(3), 2022

76



1P Gl oF oylos VY 6590

Q’)M

ol 00 00lo

Depth (m)
59225001
a5
59220001 - a
35
E 59215001 1 2
B
2.5
5921000 E 2
- —{1.5
5920500 1=k
rch?l
0.5
59: 1
1 L 1 s L 1 L —0
462500 463000 463500 464000 464500 465000 465500 466000
X{m)

Fig. 7 Contour of flow depth in the Athabasca River
SallT 6504, 10 b, Gesed bghas ¥ S

/] Velocity (m/s)
5922500(
3
59220001
25
g soasoop !
»
59210001 - 15
7/ 1
5920500/~ — 1
Flggy;T ”
/ (Y
5920000 z
z L L : s L L o
462500 463000 463500 464000 464500 465000 465500 466000
Xim)

Fig. 8 Contour of flow velocity in the Athabasca River
CbbT a0, 40 by ey o boghas A S

462500 463000 463500 464000 464500

X{m)
Fig. 6 View of the studied river
an Sy 60y soil 5l ales £ S

465500 466000

Ol [y s 0y 0l o 1) Gy G ¥V S
Commd (1 3 Baos 390 o0 0ddline a5 jobolan a28 o
Slazl 10 5 B30, ywe (blgl j0 (g390> U ailsog,
A A S g A S (rizren 0l 18 T (635 0
Wlsg) 50 Sy slajlon g Gl Sy () 5l
Cyomd oiall)] sl JSi jo ams e oylid |, ICublsT
g Ao Sy b wais sla ) 40,5 asin

Omled g0y ailbog, 03l 0 Sy sl S

5922500

5922000
— 5921500
£
=

5921000

5920500

5920000

%
%/’/
7

7
1
ﬁi

| 1 | ]
462500 463000 463500 464000

1 | 1
465000 465500 466000

464500

X{m)

Fig. 9 Velocity vectors in the Athabasca River

&.»l.:l;T 4.;[5-05) 3O Sy LgLQ)L)).g ﬂ JS-&:)

Journal of Hydraulics
17(4), 2022

77



1) so‘)l&o& 9 6&){5

SIS — gl als Aol gargd ilw oo

2 8o 9 adyl lul b (Lol S8l oty Jloel
ol o ]| (¥0) alad,

_g 9T
C(x,y,0) =5x10 Sm, (x,y) €Q
C(0,y,t)
gT

_[23x10°—, y€0,0 <t <525h

0, y €N, t > 525hr
oc

<—(Oo,y,t):O; YyELt=0 (33)

dx
ac
—(x,0,t) = 0; XENt=0
ay
C
—(x,00,t) = 0; XENt=0
ay

o g b -Y

alols sl j ailbog, ;o eolatuwl 5)50 slao 5 & 595
S8 aailyes sae glanl bos s obasl gl
Shls a0y, )y 9550 009300 J‘;lzj 3l
Al old il jue Voo oy diion g oS O Job
wolsy Joe b ol Gl S ooy bl jo o )3
OSS pl az g WS Jow gwon |y poe SusTy,
Slojlasilan b Sy slapls slows a5 coul (555,00 o
slanlp sl sl Y ol an Joo a5 aal
S azsi 390 Wb Joe (nl gl b)) Sloj slapls
Olwebl a> 310l Slaj slapls jleis a5 1> 5 .5
A Jow aS coul Jls o ol g aiS SYeb I o
oy loplS [l poren il sdw, g l0L
Gl il s gololb al) Jow oS canl Sew S>45
slepls las calize sbo IS5 L olgs oo jakaie o)
Syg] Gt |y ain s5bw Jow

G Selie il sl S5 plwl b gy cnl o
w85 5l )0 e V0 500 plp eSS AY g AX Gl
O IS os oloul o, 5V e e JS j0 a5 0l
sae aS ol Sl Al Ve ply Sloj a5y yioren

iles Joe s)ll ke oSy 5l e 2l S

o3l g —V-Y
Sadge 5L g ol (B)135 50 oo bal]l s s
Ol 0/Q sa g by awgs (250 ghaie 12 )3 Ladiges
3 =B 5l (g9 e 0 [ 4S el oadosls
Bl aslB0g) J57 (29 Q g wbl s a0y, elate
2045 034 glatais g4 5l o o, 8 s VT & e
S8 Aoy, el G Jolo Soo3 0 9 cewsVl
O ygmod 00uS isy S hawg () oole Ll aid 3
59y 4o Sl BV (yloy Do ay ol oo b g ag
o=l o as, Say Olo,y ool .cwl oals 55,35 ailsog,
A 5o sio oole cnl Jlgs liee 45 035 (sl taloj]
ools om0 g hale 4y by o (slaosls .l oo aid 3

Lol 00l ¥ Jgaz 40 ailBog, 0 obs,

SalbT a0, ,0 Obs, (o0 g cbalé & by o slaools ¥ Jous
(Voo Jlo 0 Gl 5 350)

Table 2 Tracer concentration and discharge data in the
Athabasca River (Putz and W.Smith, 2000)

Qin Co Duration Q Co Co
(m¥s)  (ng/ (hr)  (m¥s) (ug/l) (ng/l)

1.3x10%  2.3x108 5.25 363.6 0.05 0.82

oo, eole cdale Cp 33,5 Hloj yo adale Co byl o
odw] Cawdds olos clale Coo c3y,55 5l i ailsog, 40
=0 Gin 9 45509, 5 (29 Q «3)5 5l m w3y, 50
Cwddy o atal) 51 Coo i e 0l oo saYT e

! 000!

shle gm < Q (32)

adsl 9 530 byl —A-Y
e Ll an b 650 9 adsl Ll Jlesl sl
5 Gt a5 el Goglols an a3 5, S a5 ailsog,
a0y 5o ol cbile adleag; an Clus, ol 313
JRRR 3/ LR SN AN IR SO SN DRV AR
oslo Zbale 139y 39290 4y 4295 b (plplo WSk oe 1
WVl (50 byd 5 g adsl byd ilssg) jo Sl
Sl Dl oo (B8 005 S ol Qb eole clale

Journal of Hydraulics

17(3), 2022

78



¥{m)

VP Gl oF o Lol Y 0490

3922000
5521500~ A

5921000

59205001 i
i
‘/ FLOW

| concamtrattan ::—i:

1.85E-06
1.65E-06
145E-06
[ |1.25E-06
1.05E-06
3.56-07
6.5E-07
d.5E-07

2 SE-07

—s55.08
AEEQDO

Il L L
454500 465000 465500

()

Fig. 11 Tracer movement in the range of 1-4 km
FoghS V-F o3L 50 Cbs;y eole &S > 09 V) SCK

L '
463500 464000

wols; ook sy o bape slagzg > Gialed sl
cbale 4 Glaissge glade jlakai ;0 4 by e lacdale
s 45509, 50 soeliwadn (glonl clale) ol
clale faal og>gan el ol ol (C=C/Cy) 54 oo
sdalicwaay clale € Lrul o 040 oo a0 0ol Jlo s
aslog, 40 saslcawon elal clale Co igiluanss
C 5009y 3o p 55,5 AT il T e 4
2o (0 iz Ml oe 0l day g Jloy il
2 (o S Jobo jl (rexxi (29) ) hale jl ekl o
e i B 008 i i) Sl (55500 S (20
B 0 Q ol cwsan (A/Q) (s vy o ainl 3
s o s ol e 0 5 s,
Sng onb oy cdile daghaio jl plaS e (sl azliz
ahis ;o 5l 6)9me cbile b ) GIQ il o
L Sogdl (g5lwacs 5l sdelcassas zuls 0gd o Hbles
oot ) Lo g5 5 oadell)| Jow 5l ealiral
)2 e 3l esliiul L (Maleki, 2016) _SLs Lawgs
&l 0ali g S oslul Slage slaosls of s YV SOl
S FIVYD G TIVYD YIFYO ey LS 15 e alaie
atin 45 g bolan il oot 4l ; sla IS
Ay Olal i 3525 Jdod caasl ) Jow ol e
2 @b g rindlhsl ( Sex slocu b5 55
Oloe L 5g2g 0,0 Gy eole cdale o jin

"‘-3‘95@—4 ‘@‘*—fr‘ lwosls g ou i glwas slaosls
FEAY Jw;l.: odﬁﬁ&uﬁ‘.}ﬁ 6L€béla.u )Lo.w 009 05 J_JQQ

£
=

T T T T T T T E
5522500/ Il[‘ i 4
59220001 . {HI;H J

P ”]i
s & % & & H]i
5921500} “[
il
5921000/ || E
;
i
1'”
5920500 H“HEH ]
“Hm {m{
syl
462500 463000 463500 464000 464500 465000 465500 466000
i)

Fig. 10 Nodes defined in the problem domain
Al aiols ;o soiiiy a5 gloe 5 Ve JSC0

(S lm b claazil b ali e 5l o
AL (Ko slocn ;o 5 (a8 4o Slitie
s Slay e (:Skee Ol (20 ARY) (ot 2
slaodls s (MAE) " gllae slla uSilee 4 (MSE)
—digo polie a5 Wad Ay oddidewlxe g cdbodalive
ol (55910 4 pY el oals &3l,I Y Jgum yo 0ads
Ailo) e Jobo 0 4By, slas pdy s Jdoas
TR T TPUNIE N NS
Al jo aob gl Gawe (e g ails 9429 s (5135
3todlil 5 a8l (alidl s eledl 4l g cllagSS
S8 o s )3 g dalyS ol jen yi3b WS Ly

8,5 oo O ygeo Al sanY]

BT -0, y0 cddbding slaasiwl b ¥ Jous
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Table 4 Error indices in the three sections studied
Cross sections 2.425 km 3.725 km 4.725 km
Index Mike21 Petrov-Galerkin Mike21 Petrov-Galerkin Mike21 Petrov-Galerkin
R? (%) 85 97.35 87 97.46 89 94.92
MSE 0.100 0.016 0.021 0.011 0.008 0.009
MAE 0.281 0.104 0.099 0.095 0.073 0.078
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